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ABSTRACT
We investigate the use of elastic and inelastic scatterings with sec-
ondary beams of radioactive nuclei as a mean to obtain information on
ground state properties and transition matrix elements to continuum states.
An eikonal model is developed for this purpose by using the folding po-
tential. In particular we discuss possible signatures of halo wavefunctions
in elastic and inelastic scattering experiments.
(c) Present address: Instituto de F´ısica, UFRJ, 21945-970 Rio de Janeiro, Brazil
1 Introduction
Reactions with radioactive beams are a useful tool to understand the properties of
nuclei far from the stability line (see, e.g. ref. [1]). Up to the present these reactions
are mainly restricted to studies of reaction cross sections and momentum distributions
of the fragments [2, 3]. Elastic scattering has been studied in several experiments
[4, 5, 6, 7, 8]. Inelastic scattering has also been studied, but very few experiments for
Coulomb breakup processes [9, 10] only are available so far. Usual techniques with
stable nuclei, like photo-nuclear absorption and electron scattering are far beyond the
present experimental possibilities. The study of reaction cross sections, momentum
distributions, and elastic scattering gives us a very limited access to the information
on the internal structure of exotic nuclei, although many intriguing properties of these
nuclei have been deduced in these experiments. An example is the discovery of the
extended matter distribution in very light neutron-rich nuclei, so-called halo nuclei
[2].
The study of inelastic excitation cross sections is the natural step to increase our
knowledge on the nuclei far from the stability line. In fact, Coulomb and nuclear ex-
citations in nucleus-nucleus scattering are well established tools for the spectroscopy
of stable nuclei and are complementary to photo-nuclear and electron scattering ex-
periments. Due to the low luminosity of radioactive nuclear beams, experiments are
possible only when the cross sections are sufficiently large. For inelastic scattering
this is the case for the Coulomb excitation of loosely-bound nuclei, e.g., 11Li and
11Be, incident on heavy targets [9, 10]. The beams of exotic nuclei are often available
at intermediate and high energies, Elab > 50 MeV/nucleon [1]. At these energies the
Coulomb field favors the dipole excitations. On the other hand, the nuclear interac-
tion favors the monopole and quadrupole excitations.
A study of nuclear excitations of halo nucleus 11Li has been done in ref. [11]. It
was shown that the excitation of low-lying continuum states of 11Li have substantial
cross sections and it can reach some 100 mb/sr at forward angles. In this article
we extend the model of ref. [11] to include Coulomb excitation processes. Inelastic
excitation processes are unavoidably accompanied by elastic scattering. We thus also
make a study of elastic scattering processes with unstable nuclei. Under simplifying
assumptions, which we try to justify in the next sections, elastic scattering allows one
to get information on the ground state properties of the exotic nuclei, while the in-
elastic scattering processes tells us about the transition densities for the excitation. If
the ground state wave function can be deduced from the elastic scattering, the excited
state wavefunctions are possible to infer from the inelastic excitation processes.
The extraction of the above mentioned information from the experimental data
suffers from several difficulties which arise due to the complexity of the reaction
mechanism. The ideal situation occurs when the reaction mechanism can be explained
with very simple models. In this article we use a simple and tractable model for the
reaction mechanisms and apply it to the study of the scattering of unstable beams.
Under some circumstances it is shown that our model can be very useful to extract the
ground state properties of exotic nuclei. A study of this feature is presented in sections
3 and 4. A brief explanation of the calculation ground state densities for exotic nuclei
is done in section 3. These densities are used as inputs in the calculation of the elastic
cross sections, which are compared to some available experimental data in section 4.
To show the feasibility of the models used, we also compare the theoretical predictions
with some experimental data for reactions with stable nuclei.
The inelastic scattering cross sections are discussed in sections 5 and 6. In section 5
we deduce formulas using the deformed potential model and folding model for inelastic
excitations. The equations for the folding model has been used in ref. [11]. We also
present appropriate formulas for the case of Coulomb excitation. These equations are
applied in section 6 to discuss the angular distributions for inelastic processes with
stable and unstable nuclear beams. In section 7 we present our conclusions.
3
2 Elastic Scattering
The elastic scattering in nucleus-nucleus collisions is a well established tool for the
investigation of ground state densities. This is because the optical potential can be
related to the ground state densities by means of a folding of the nucleon-nucleon
interaction with the nuclear densities of two colliding nuclei. But, this relationship
is not quite straightforward. It depends on the effective interaction used, a proper
treatment of polarization effects, and so on (for a review see, e.g., [12]). At higher
bombarding energies than ELab ∼ 50 MeV/nucleon, a direct relationship between the
nuclear densities and the optical potential is possible, as long as the effects of multiple
nucleon-nucleon scattering can be neglected. The effects of real, or virtual, nuclear
excitations are small since the excitation energies involved are much smaller than
the bombarding energies. Lenzi, Vitturi and Zardi [13] have performed an extensive
study of the nuclear scattering of stable nuclei at high energies. From their study
one concludes that a simple relationship between the ground state densities and the
elastic scattering cross sections quite often yields very reasonable results, as compared
to the experiments. We adopt here a similar approach and extend it to study the
scattering of exotic nuclei.
At high energies the elastic scattering cross section for proton-nucleus collisions is
well described by means of the eikonal approximation [14]. The optical potential for
proton-nucleus scattering is assumed to be of the form
U(r) = U0(r) + US(r) (L.S) + UC(r) (1)
where
U0(r) = VR fR(r)− iWV fI(r) + 4 i aI WI d
dr
fI(r) (2)
and
US(r) = 2
( h¯
mpic
)2
VS
1
r
d
dr
fS(r) (3)
are the central and spin-orbit part of the potential, respectively, and UC(r) is the
proton-nucleus Coulomb potential. The Fermi functions fi are given by
fi(r) =
{
1 + exp[(r − Ri)/ai]
}−1
, (4)
4
with Ri = riA
1/3.
In the eikonal approximation, the proton-nucleus elastic scattering cross section
is given by [14]
dσel
dΩ
=
∣∣∣F (θ)∣∣∣2 + ∣∣∣G(θ)∣∣∣2 , (5)
where
F (θ) = fC(θ)+ ik
∫ ∞
0
db b J0(qb) exp
[
iχC(b)
] {
1−exp
[
iχ0(b)
]
cos
[
kb χS(b)
]}
(6)
and
G(θ) = ik
∫ ∞
0
db b J1(qb) exp
[
iχC(b) + iχ0(b)
]
sin
[
kb χS(b)
]
. (7)
In the equation above q = 2k sin(θ/2), where θ is the scattering angle, J0 (J1) is the
zero (first) order Bessel function. The eikonal phase χ0(S) is given by
χ0(S)(b) = − 1
h¯v
∫ ∞
−∞
U0(S)(b, z) dz . (8)
For the Coulomb eikonal phase we use the approximation, valid for a point nucleus,
χC(b) = η ln(kb) with η =
2Z1Z2e
2
h¯v
, (9)
where Z1 and Z2 are the proton (Z1 = 1) and the nuclear charges, respectively. The
Coulomb phase will be changed for a finite charge distribution of the nucleus [15]. For
example, assuming a uniform charge distribution with radius R the Coulomb phase
becomes
χC(b) = η
{
Θ(b− R) ln(kb) + Θ(R− b)
[
ln(kR) + ln(1 +
√
1− b2/R2) (10)
−
√
1− b2/R2 − 1
3
(1− b2/R2)3/2
]}
,
where Θ is the step function. This expression is finite for b = 0, contrary to eq. (9).
If one assumes a gaussian distribution of charge with radius R, appropriate for light
nuclei, the Coulomb phase becomes
χC(b) = η
{
ln(kb) +
1
2
E1(b
2/R2)
}
, (11)
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where the error function E1 is defined as
E1(x) =
∫ ∞
x
e−t
t
dt . (12)
This phase also converges, as b→ 0.
We have noticed in our numerical calculations that the above corrections to the
approximation (9) do not modify the calculated cross sections appreciably. Moreover,
one can show that in the eikonal approximation, the phase defined in eq. (9) yields
exactly the Coulomb scattering amplitude
fC(θ) =
Z1Z2e
2
2µv2 sin2(θ/2)
exp
{
− iη ln
[
sin2(θ/2)
]
+ iπ + 2iφ0
}
(13)
where φ0 = argΓ(1+ iη/2). This is convenient for the numerical calculations since eq.
(6) is written with the separated contribution of the Coulomb scattering amplitude.
Then, the remaining integral (the second term on the r.h.s. of eq. (6)) converges
rapidly for the scattering at forward angles. If we use eqs. (10)and (11) the amplitude
F (θ) cannot be separated as in eq. (6) and the integral in b will converge very slowly.
A more important correction, due to the Coulomb deflection of the trajectory,
amounts to calculate all elastic and inelastic integrals (to be discussed in section 4)
replacing the asymptotic impact parameter b by the distance of closest approach in
Rutherford orbits, i.e.,
kb′ = η +
√
η2 + k2b2 . (14)
As shown by Vitturi and Zardi [16] this correction leads to a considerable improvement
of the eikonal amplitudes for the scattering of heavy systems.
For nucleus-nucleus collisions the spin-orbit interaction, US(r), and the surface-
term of the imaginary potential (last term of eq. 2) are usually neglected. Whereas
these terms are relevant for proton-nucleus scattering, they play no important role in
nucleus-nucleus collisions. Thus, for nucleus-nucleus collisions, the scattering ampli-
tude is given by
dσel
dΩ
=
∣∣∣F (θ)∣∣∣2 , (15)
where
F (θ) = fC(θ) + ik
∫ ∞
0
db b J0(qb) exp
[
iχC(b)
]{
1− exp
[
iχ0(b)
]}
. (16)
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Obviously, these equations can be obtained from eqs. (5-7) by setting χS = 0.
A common way to relate the nuclear optical potential to the ground-state densities
is to use the “tρρ” approximation. This approximation has been extensively discussed
in the literature [12, 13]. In its simplest version, neglecting the spin-orbit and surface
terms, the optical potential for proton-nucleus collisions is given by
U0(r) =< tpn > ρn(r)+ < tpp > ρp(r) (17)
where ρn (ρp) are the neutron (proton) ground state densities and < tpi > is the
(isospin averaged) transition matrix element for nucleon-nucleon scattering at forward
directions,
tpi(q = 0) = −(2πh¯2/µ) fpi(q = 0) = − h¯v
2
σpi (ξpi + i) (18)
where σpi is the free proton-nucleon cross section and ξpi is the ratio between the
imaginary and the real part of the proton-nucleon scattering amplitude. The basic
assumption here is that the scattering is given solely in terms of the forward proton-
nucleon scattering amplitude and the local one-body density [12].
For nucleus-nucleus collisions, we will use the same method which leads to an
optical potential of the form
U0(R) =
∫
< tNN(q = 0) > ρ1(R− r′) ρ2(r′) d3r′ , (19)
where R is the distance between the center-of-mass of the nuclei. We use the isospin
average < tNN >= (tpp + tpn)/2.
Without much computational effort the formula (19) is improved to account for the
scattering angle dependence of the nucleon-nucleon amplitudes. A good parametriza-
tion [17] for the nucleon-nucleon scattering amplitude is given by fNN(q) = (kNN/4π) σNN (i+
αNN) e
−ξNN q
2
. The nuclear scattering phase then becomes [14]
χ0(b) =
∫ ∫
dr dr′ ρ1(r) γNN(|b− s− s′|) ρ2(r′) (20)
where the profile function γNN(b) is defined in terms of the two-dimensional Fourier
transform of the elementary scattering amplitude
γNN(b) =
1
2πikNN
∫
exp
[
− iq.b
]
fNN(q) dq , (21)
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and s, s′ are the projections of the coordinate vectors r, r′ of the nuclear densities
on the plane perpendicular to the z-axis. For spherically symmetric ground-state
densities eq. (20) simplifies to the expression
χN (b) =
∫ ∞
0
dq q ρˆ1(q) fNN(q) ρˆ2(q) J0(qb) , (22)
where ρi(q) are the Fourier transforms of the ground state densities.
In the following we will use the eq. (17) in order to calculate the proton-nucleus
eikonal phase-shifts. For nucleus-nucleus collisions we will use the formula (22), since
we assume the spherical symmetry for the ground state distributions. We will now
describe how we calculate the ground state densities for exotic nuclei.
3 Ground State Densities
We calculate the density distributions of halo nuclei based on the Hartree- Fock (H-F)
approximation with Skyrme interaction. The Skyrme interaction is known to describe
successfully the ground state properties (the binding energies, the rms radii and the
charge distributions) of many nuclei in a broad region of the mass table [18].
It was pointed out that the separation energy of loosely bound neutrons plays an
important role to study halo nuclei [19, 20, 21]. One needs an accuracy of about a few
tens of keV to take into account the effect of the separation energy on the radii and
the density distributions of halo nuclei, since they have extremely small separation
energies as is shown in table 1. On the other hand, the H-F theory cannot provide the
prediction for the separation energies within the accuracy of a few tens of keV [22]. It
is known that higher order effects beyond the mean field approximation are necessary
to describe more precisely the single-particle energies near the Fermi surface[23]. So
far, several theoretical attempts[24] have been made in this direction, but the results
do not satisfy the accuracy which is required for the study of halo nuclei. We take the
following method[20, 21, 25] to improve the calculated separation energies rather than
evaluating directly the higher order effects; the last neutron configuration is treated
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differently from the other orbits in the H-F potential in order to reproduce properly
the neutron separation energy of the nucleus.
In the above procedure, the single-particle energy of the last orbit is adjusted to
be the same as the empirical single-neutron separation energy in the case of odd-N
system, while the empirical two-neutron separation energy is adopted for the last
neutron orbit in the even-N nucleus. Although it is not obvious how much the two-
body correlation between the halo neutrons affects the single-particle wave function,
this choice for the even-N nucleus was pointed out reasonable to study the Coulomb
dissociation cross sections 11Li [9]. The soft dipole excitation in 11Be [10] is also
described well by this wave function.
The H-F equation for the Skyrme interaction can be written as
[
−∇ h¯
2
2m∗(r)
∇+ V (r)
]
ψα(r) = ǫαψα(r) (23)
where m∗(r) is the effective mass. The potential V(r) has a central, a spin-orbit and
a Coulomb term,
V (r) = Vcentral + Vspin−orbit + VCoulomb. (24)
This H-F potential can be expressed analytically in terms of the parameters of the
Skyrme interaction[18]. The central potential in eq. (2) is multiplied by a constant
normalization factor f only for the last neutron configuration:
Vcentral(r) = fVH−F (r),
{
f 6= 1 for last neutron configuration
f = 1 otherwise
. (25)
Numerical calculations are performed with the parameter set SGII[26] which gives sat-
isfactory results for charge distributions of many nuclei, and also for the systematics
of the nuclear radii in comparison with experimental data[27].
The empirical separation energies of light neutron-rich nuclei are tabulated in
table 1. Nuclei with negative values in table 1 are unstable against neutron decay.
We can see that the separation energies are extremely small in the cases of 6He, 11Li,
11Be and 14Be which are known as halo nuclei. Calculated radii are also tabulated in
table 2 together with empirical data.
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4 Results for Elastic Scattering
We apply the formalism presented in section 2 to the elastic scattering of stable
nuclei in order to study the validity of the method. We will concentrate here in
nuclei with spherical symmetry. The ground state densities of stable nuclei used here
are parameterized as gaussian (G) and modified Fermi (MF) densities, as shown in
table 3. The nucleon-nucleon cross sections used as input to construct the optical
potentials in the “tρρ” approximation are shown in table 3. A linear interpolation
is done to find the appropriate set of parameters at energies between those shown
in the table. For energies lower than 94 MeV/nucleon we use ξNN = 0.5 fm
2. As
one can deduce from eq. (22) the q-dependence of fNN is very important with the
parameters ξNN , as given in table 4 since the integrand in eq. (22) is only relevant
for q < 1/b ≪ 1/√ξNN . The parameters for the densities of stable nuclei used are
shown in table 3.
In fig. 1 we show the experimental data from ref. [30] for the elastic scattering of
17O +208 Pb at 84 MeV/nucl. The curve is calculated using the nuclear phase-shift
constructed as in eq. (22) and the scattering amplitude as in eq. (16). We observe
that the agreement with the data is extremely good. The rainbow scattering at
θ ∼ 2.5◦ is also very well reproduced. However, one should be cautious with such an
example since in this case the scattering amplitude is dominated by a sharp transition
from no-absorption to strong absorption as the scattering angle increases. Basically,
the optical potential has to have the feature of a large absorption at small distances
and a small diffuseness. This behavior arises naturally within the framework of the
“tρρ” approximation for heavy systems.
Light systems are more “transparent” and the collision at small distances (large
scattering angle) are more sensitive to the details of the optical potential. To show
this we plot in fig. 2 the elastic scattering of α + α at Elab = 2.57 GeV as a function
of the invariant momentum transfer t = −(p1+p2)2. The data are from ref. [31]. The
calculated curve agrees reasonably well with the data at forward angles (small t) but
deviates appreciably from it at larger angles. The forward scattering is dominated
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by peripheral collisions for which multiple scattering is not relevant. Thus, we expect
that the “tρρ” approximation works well at forward angles. On the other hand, it
has been shown that multiple collisions are very important for large scattering angles
[33], so that the “tρρ approximation fails to explain the data.
We plot in fig. 3 the elastic scattering of 12C+12C at Elab = 85 MeV/nucl to study
the model further. The data are from ref. [34]. The solid curve is obtained by using
the eikonal approximation (eqs. 16 and 22) with a set of Woods-Saxon potentials
which was constructed to give the smaller χ-square fit to the data with a DWBA
calculation using the code PTOLEMY [35]. This Woods-Saxon potential reproduces
the data perfectly [34]. The parameters obtained by this fit are
V0 = −120 MeV, Rv = 1.72 fm, and av = 0.83 fm (26)
W0 = −46.8 MeV, Rw = 2.2 fm, and av = 0.86 fm .
The dashed curve is obtained with the “tρρ” approximation which shows again the
mismatch with the data at large scattering angles. We see that the “tρρ approxima-
tion gives a reasonable description of the elastic scattering only at forward angles.
It is known that large scattering angles are affected by corrections due to real, and
virtual (polarization) nuclear excitation [32]. This means that a simple and unam-
biguous relationship between the elastic scattering data and the nuclear ground-state
densities does not exist at large scattering angles. We conclude that the disagreement
between the experimental data and the method used here, for light systems and large
scattering angles, is not a deficiency of the eikonal approximation, but of the con-
struction of the optical potential (i.e. on the assumption of the validity of the “tρρ”
approximation).
The corrections due to multiple collisions using the Glauber multiple scattering
series is rather cumbersome [33] and a direct connection between the ground state
densities of the nuclei and the scattering data is lost among a large variety of ap-
proximations. We feel that, due to its simplicity, the “tρρ” approximation is very
appealing within its limitations. We therefore will use this approximation since the
complications arising from a treatment of multiple scattering, and of other effects,
11
undermines our effort to extract information about the ground state densities of the
nuclei from the elastic scattering. We will focus the following study mainly in the
forward scattering region because of the limited validity of the model.
Fig. 4(a) shows the elastic scattering of proton on 9Li at Elab = 60 MeV. The
data are from ref. [4]. The solid curve is obtained by using eqs. (5-7) with the
parameters shown in table II of ref. [4] which was obtained by a χ-square fitting
to the data with a DWBA calculation. The dashed curve is obtained by using the
optical potential constructed as in eqs. (17-19) together with the Hartree-Fock 9Li
ground-state density. In this case the surface and spin-orbit interaction are absent.
The dashed curve clearly misses the experimental data. The absorption is greater
than expected by the “tρρ” method so that this difference cannot be ascribed only
to the absence of the spin-orbit interaction. Quite a different scenario is presented in
figure 4(b) where we plot the p +11 Li scattering data at 62 MeV/nucleon from ref.
[4]. The solid curve is calculated with the optical potential parameters of table II (set
B) of ref. [4] for eqs. (1-3), which were chosen so as to fit the experimental data. The
dashed curve is obtained by using the eqs. (17-19) and the 11Li Hartree-Fock ground
state density, calculated as explained in section 2. The agreement with the data is
quite good at forward angles, in contrast to the previous case.
One might think that the good quantitative description obtained in figure (4b) is
accidental, in view of the previous discussions. In order to clarify further the validity
of the model, in fig. 5 we show the elastic scattering data of p+8He at 72 MeV/nucleon
together with a calculation using the optical potential constructed as in eqs. (17-19)
by the solid curve. The ground state density of 8He was calculated as explained in
section 3. Although the data uncertainties at θ > 40◦ do not allow for a test of
the theory, the agreement with the data is almost perfect at forward angles. Such
an agreement is very encouraging since the simple “tρρ” approach is of very useful
predictive power and it can be used to plan future experiments on radioactive beams
scattering of protons. Also shown in fig. 5, the dashed curve is the scattering cross
section obtained by using the 6He ground state density. Two important features
are seen. Firstly, the strength of the strong absorption in the p +8 He system is
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appreciably larger than in the p+6 He system. Secondly, the diffraction minimum is
at a larger angle for 6He targets than for the 8He ones, revealing a larger absorption
radius of 8He.
The inclusion of the surface and spin-orbit terms of eq. (1) in a microscopic
Glauber approach, as in eq. (17), to elastic scattering is rather complicated (see
discussion in ref. [12]). The absence of these terms in our approach may be considered
as one of the main reasons for the discrepancies between the experimental data and
the calculations. This problem should not occur for nucleus-nucleus collisions, since
the folding of densities “smear out” the surface and spin-orbit terms of the nucleon-
nucleus optical potential.
Data on elastic scattering of halo nuclei has been taken during the last few years.
Due to the poor energy resolution, the data are contaminated with inelastic scattering.
In fig. 6, 7 and 8 we plot the data on quasi-elastic scattering of 11Li+12C at Elab = 637
MeV, of 12Be +12 C at Elab = 679 MeV, and of
14Be +12 C at Elab = 796 MeV,
respectively. The dashed curves are calculated by using the prescription given by eqs.
(15-16, 22) and the Hartree-Fock densities calculated as explained in section 2. The
data are from refs. [6, 7]. While the agreement is quite reasonable for the 12Be+12C
and 14Be +12 C data, it does not work so well for the 11Li +12 C data. The solid
curves are calculated by including the inelastic excitation of the 2+, and the 3− states
in 12C which cannot be separated from the experimental data. In the next section
we describe how to calculate the inelastic scattering excitation cross sections. We use
the deformed potential model for the excitation of 12C, with deformation parameters
β2 = 0.59 and β3 = 0.40 for the 2
+ and the 3− states, respectively. These are the
same values used in refs. [6, 7]. We observe that, with the inclusion of inelastic
scattering, the theoretical results for the 11Li+12 C collision is remarkably good, but
the ones for 12Be +12 C and for 14Be +12 C are not, yielding too large cross sections
at large angles. One possible reason for such a discrepancy is the the absence of
dynamical polarization in our approach. The virtual excitations during the collision
time is shown to affect the elastic scattering of halo neutron appreciably and has been
studied by several authors [36]. An inclusion of such effects is beyond our model of
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using a simplified approach to study the ground-state properties of the halo nuclei.
Another possibility is that the folding prescription to determine the optical potential
yields larger cross sections than the experimental ones, as we observed in fig. 3.
We conclude that the simple “tρρ” folding procedure is an useful method to de-
scribe quantitatively the elastic scattering data of radioactive nuclei in most cases. We
should also notice that the inelastic scattering makes it difficult to obtain good agree-
ment with the data, especially at larger angles. However, a test of the ground-state
densities of such nuclei is possible by comparing the data with the theoretical calcu-
lations at forward angles. At large angles, especially with the presence of inelastic
scattering, the results are however sometimes misleading. More detailed microscopic
calculations would be necessary to obtain better agreement. In the opposite extreme,
one may resort to the use of optical potential parameters to fit the data. In both
cases, a link of the results to microscopic features of the nuclei is very difficult to
achieve.
5 Inelastic Scattering
5.1 Nuclear Excitation
We can use the Distorted Wave Approximation (DWBA) for the inelastic amplitude,
assuming that a residual interaction U between the projectile and the target exists
and is weak . The cross section for the excitation of a vibrational mode (λµ) with
energy h¯ωλ is given by
dσλµ
dΩ
=
kλ
k0
|fλµ(θ)|2 =
( M
2πh¯2
)2 kλ
k0
∣∣∣ < Ψλµ φ(−)kλ |U |Ψ0 φ(+)k0 >
∣∣∣2 (27)
where kλ is defined as
Ekλ =
h¯2k2λ
2M
=
h¯2k20
2M
− h¯ωλ . (28)
In eq. (28),M is equal to the reduced mass of the system and k0 is equal their relative
momentum. The wavefunctions φ and Ψ describe the relative motion and the internal
states, respectively.
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In the particle-vibration-coupling model the transition matrix elements are given
by
Mλµ(r) ≡< Ψλµ|U |Ψ0 >= δλ√
2λ+ 1
Yλµ(rˆ) Uλ(r) (29)
where δλ = βλR is the vibrational amplitude, or deformation length, R is the nuclear
radius, and Uλ(r) is the transition potential. We will consider only low multipolarities,
l ≤ 2 in the following.
The deformation length δλ can be directly related to the reduced matrix elements
for electromagnetic transitions. Using well-known sum-rules for these matrix elements
one finds a relation between the deformation length, and the nuclear sizes and the
excitation energies. For isoscalar excitations one obtains [37]
δ20 = 2π
h¯2
mN
< r2 >
AEx
, δ2λ≥2 =
2π
3
h¯2
mN
λ (2λ+ 1)
1
AEx
(30)
where A is the atomic number, < r2 > is the r.m.s. radius of the nucleus, and Ex is
the excitation energy.
The transition potentials for isoscalar excitations are
U0(r) = 3Uopt(r) + r
dUopt(r)
dr
, (31)
for monopole, and
U2(r) =
dUopt(r)
dr
, (32)
for quadrupole modes.
For dipole isovector excitations, the deformation length is given by
δ1 = π
h¯2
mN
A
NZ
1
Ex
, (33)
where Z (N) the charge (neutron) number. The transition potential in this case is
[37]
U1(r) = γ
(N − Z
A
) (dUopt
dr
+
1
3
R0
d2Uopt
dr2
)
, (34)
where the factor γ depends on the difference between the proton and the neutron
matter radii as
γ
2(N − Z)
3A
=
Rn −Rp
1
2
(Rn +Rp)
=
∆Rnp
R0
. (35)
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Thus, the strength of isovector excitations increases with the difference between the
neutron and the proton matter radii. This difference is accentuated for neutron-rich
nuclei so that the isovector dipole excitations should be a good test for the quantity
∆Rnp which becomes very large for neutron-rich unstable nuclei. One can generalize
this equation to higher isovector multipole excitations λ ≥ 2 by the substitution
N − Z
A
−→ Q(n)λ +Q(p)λ = Z
(
− 1
A
)λ
+
[(
1− 1
A
)λ
+ (−1)λ (Z − 1)
Aλ
]
, (36)
where Q
(n,p)
λ are the effective charges (in units of e) of the neutron and the proton,
respectively.
An useful approximation, valid for h¯ωλ ≪ Ekλ , is
kλ ≃ k0
(
1− Mωλ
h¯k20
)
= k0 +
ωλ
v
. (37)
Further, by using the definition (27) and the eikonal approximation
φ
(−)∗
kλ
φ
(+)
k0
≃ exp
{
iq.r+ iχ(b)
}
, (38)
we get
fλµ(θ) =
M
2πh¯2
1√
λ+ 1
δλ i
µ
√
π(2λ+ 1)
√√√√(λ− µ)!
(λ+ µ)!
(39)
×
∫ ∞
0
db b Jµ(qtb) e
iχ(b)
∫ ∞
−∞
dz Pλµ
( z√
b2 + z2
)
Uλ(b, z) e
iωλz/v ,
where Jµ and Pλµ are the Bessel function and the Legendre polynomials, respectively,
and qt = 2
√
k0kλ sin(θ/2).
As seen in eq. (39), one needs to calculate two simple integrals to compute the
inelastic scattering at intermediate energies with the deformed potential model. The
scattering amplitudes will depend on the optical potential parameters and on the
deformation length δλ. The deformed potential model is based on the assumption of
a transition density peaked at the surface. Although this assumption is reasonable for
the excitation of heavy nuclei ( e.g., 40Ca, 208Pb), it is rather crude for light nuclei,
especially when the transition density extends radially beyond the nuclear size. This
is the case for the soft multipole excitations, for which the transition densities have
very long tails.
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A more convenient way to describe the inelastic scattering of neutron-rich nuclei
is to use the folding approximation. The assumption of a transition density peaked
at the surface of the nucleus is not necessary. In this model the matrix element on
the right-hand-side of eq. (27) is
Tλµ =
∫
d3R
∫
d3r φ
(−)∗
kλ
(R) Uint
(
|R− r|
)
δρλµ(r) φ
(+)
k0
(R) , (40)
where δρλµ = Ψ
∗
λµΨ0 is the transition density. Uint
(
|R− r|
)
is the potential between
each nucleon of the target and the projectile nucleus. Thus, the transition from
the ground state to the excited state is directly calculated from the target nucleon-
projectile interaction.
For light targets, a gaussian parametrization of the (target nucleon)-projectile
potential is adequate and yields simple formulas. This can be shown by means of the
expansion
Uint
(
|R− r|
)
= (v0 + iw0) e
−(R−r)2/a2 (41)
= 4π(v0 + iw0) e
−(R2+r2)/a2
∑
λµ
iλ jλ(2i
rR
a2
) Yλµ(Rˆ) Y
∗
λµ(rˆ) ,
where jλ(ix) are the spherical Bessel functions calculated for imaginary arguments.
Using this result in the eq. (27) and the definition δρ(r) = δρλ(r) Yλµ(rˆ) we get
(using R = (b, Z))
Tλµ = 4π
3/2 (v0 + iw0)
∑
λµ
iλµ
√√√√(2λ+ 1) (λ− µ)!
(λ+ µ)!
(42)
×
∫ ∞
0
db b Jµ(qtb) e
iχ(b) Oλµ(b)
where
Oλµ(b) =
∫ ∞
0
dr r2δρλµ(r) Fλµ(r, b) , (43)
with
Fλµ(r, b) =
∫ ∞
−∞
dZ exp
(
− R
2 + r2
a2
)
jλ
(2irR
a2
)
Pλµ
(Z
R
)
exp
(
i
ωλZ
v
)
. (44)
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A link between the deformed potential model and the folding model is obtained
by using the approximation
δρλ = −
{
δλ dρ0/dr/
√
2λ+ 1, for λ ≥ 1;
δ0
(
3ρ0 + rdρ0/dr
)
, for λ = 0;
(45)
As in the deformed potential model, the scattering amplitude is determined by the
optical potential parameters and the deformation length δλ.
Another common approximation for δρλ is provided by the Tassie model [38] which
gives
δρλ(r) = − δλ√
2λ+ 1
( r
R0
)λ−1 dρ0
dr
, for λ ≥ 1 . (46)
For λ = 0, one uses eq. (45). In general, both models yield analogous transition
densities for heavy nuclei and low collective states.
These approximations assume that the transition density is peaked at the nuclear
surface. As we will show later, this is a bad approximation for neutron rich nuclei. It
is more convenient to use directly the transition density calculated from microscopic
models and inserted into eqs. (42) and (43) to obtain the scattering amplitude.
5.2 Coulomb excitation
The subject of Coulomb excitation for heavy ion collisions at intermediate energies,
has been discussed in ref. [39], including effects of retardation and strong absorption
effects. The Coulomb excitation amplitude for a given multipolarity Eλ is given by
fE1,µ(Ex, θ) = i
√
8π
3
ZT eMaA
h¯2
( Ex
h¯va
) [
B(E1, Ex)
]1/2 { Λ±1(Ex, θ), for µ = ±1;
Λ0(Ex, θ), for µ = 0
(47)
for E1 excitations, and
fE2,µ(Ex, θ) = − 2
5
√
π
6
ZT eMaA
h¯2
( Ex
h¯va
)2 [
B(E2, Ex)
]1/2
×


Λ±2(Ex, θ)/γ, for µ = ±2;
−(2− v2/c2) Λ±1(Ex, θ), for µ = ±1;
Λ0(Ex θ), for µ = 0
(48)
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for E2 excitations.
In the above equations γ = (1− v2a/c2)−1/2, and µ is the azimuthal component of
the transferred angular momentum. The functions Λµ are given by
Λµ(Ex, θ) =
∫ ∞
0
db b Jµ(qb) Kµ
( Exb
γh¯va
)
exp
[
iχ(b)
]
(49)
where q = 2k sin(θ/2), k is the c.m. momentum of a + A, and Jµ (Kµ) are Bessel
(modified) functions of order µ. χ(b) = χN (b) + χC(b) is obtained from eqs. (8) and
(9).
Assuming that an isolated state is excited, and that it exhausts fully the sum
rules, one gets (B(Eλ) ≡ B(Eλ,Ex))
B(E1) =
3
4π
h¯2
2mN
NZ
AEx
e2 , (50)
and
B(E2) =
h¯2
mN
3R2
4πEx
e2 ×
{
Z2/A, for isoscalar excitations;
NZ/A, for isovector excitations;
(51)
The electromagnetic transition operators have a smooth dependence on the spatial
coordinates (O(E1) ∼ r and O(E2) ∼ r2). Thus, the electromagnetic excitation has
a very weak dependence on the spatial form of the transition density and it does
not seem to be a direct probe of the halo properties. However, the reduced matrix
elements for halo nuclei are expected to be enhanced due to unique properties of the
halo wavefunctions. For example, if the binding of the valence neutrons is very weak,
as in the case of 11Li, one expects a huge enhancement of the B(E1)-strength at
low energies (soft E1-modes). This can be thought as due to the threshold effect of
extended halo neutrons with respect to the core, which leads to large B(E1)-values.
6 Results for Inelastic Scattering
We first apply the formulation of the previous section to the inelastic scattering
of stable nuclei. In fig. 9 we plot the inelastic scattering of 84 MeV/nucleon 17O
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projectiles on lead. The excitation of the isoscalar giant quadrupole resonance in
lead (Ex = 10.9 MeV) is considered. Data points are from ref. [30]. The curves
are calculated by using the deformed potential model. The optical potential was
calculated by using the folding procedure described in section 2. The deformation
parameter β2 = 0.63 was used. This corresponds to 100% of exhaustion of the sum
rule. The dashed curve is the contribution of the Coulomb excitation with B(E2) =
0.73 e2 b2, also corresponding to 100% of the sum rule (51). The dotted curve is
the nuclear contribution only and the solid curve includes both contributions and
their interference. We see that the scattering data are very reasonably described by
this approach. The excitation of isovector electric dipole giant resonance in the same
system is dominated by the Coulomb interaction and is also well described by eqs.
(47,48), as shown in ref. [39].
In general, both the deformed potential model and the folding model give very
good agreement with the experimental data for the inelastic scattering of stable nuclei.
This has been studied extensively, e.g., in ref. [37]. Also, in ref. [11] it was shown that
a good agreement with the experimental data for the excitation of giant monopole
and giant quadrupole resonances in lead by 172 MeV α’s is obtained with the use of
the eqs. (42-44), based on the eikonal approximation. The details of the oscillatory
pattern of the angular distributions are easily understood in terms of the Bessel
function Jµ(qtb) in eq. (42).
An interesting application of this formalism is to the excitation of a Roper res-
onance (Ex = 500 MeV) in the α + p reaction with Eα = 4.2 GeV. This is shown
in fig. 10, together with the data points taken from ref. [4]. The data show a very
steep angular dependence, characteristic of a monopole transition. As shown by those
authors, the angular distribution can be well described by assuming that the Roper
resonance is a monopole excitation, exhausting a large fraction of the monopole sum
rule, eq. (30). The solid curve in the figure is calculated by using a folding po-
tential derived according to eq (17) and the transition amplitude calculated within
the deformed potential model, eq. (39), and using δ0 calculated as in eq. (30), with
< r2p >= 3R
2/5 = 0.69 fm2 (and A = 1). The agreement with the data is remarkably
20
good and the value of < r2p > is in reasonable agreement with the predictions for the
electromagnetic radius of the nucleon in models which include sea-quark polarization
effects [41].
To our knowledge, up to the present date very few experimental data exist on the
inelastic scattering of exotic nuclei. Using the formalism in eqs. (40-44) predictions
for the inelastic excitation of soft monopole and quadrupole modes in the 11Li incident
on carbon targets has been done [11]. It was shown that the particular oscillatory
pattern of the excitation cross sections could be an important tool to identify different
excited states in these nuclei. This is a well known method in reactions with stable
nuclei, which allows one to distinguish, e.g., monopole from quadrupole excitations.
The extension of the halo in loosely-bound nuclei would also affect appreciably the
drop in magnitude of these cross sections with increasing scattering angle [11].
In figure 11 we plot the excitation cross section for the 2+ state (Ex = 3.57 MeV)
in 8He by 72 MeV protons. The data are from ref. [5]. We used the folding model
for the calculation of the optical potential. The inelastic cross section was calculated
with the deformed potential model and a deformation parameter β2 = 0.32. As seen,
the agreement with the data is quite good.
Finally we discuss the Coulomb excitation of exotic nuclei. As an example we
consider the Coulomb excitation of 11Be projectiles with 45 MeV/nucleon incident
on lead targets. We consider the electric dipole excitation of the 1/2+ ground state to
the 1/2− state at 0.32 MeV. This experiment has been recently done at GANIL [42]
as an initiative of studying the properties of low-lying states in exotic nuclei. We use
eq. (47) with B(E1) = 0.116 e2 fm2 which is deduced from the lifetime measurement
by Millener et al. [43]. We obtain the solid curve shown in fig. 12. The Coulomb
cross section is peaked at very forward angles, as expected. The angular integrated
cross section is equal to 210 mb. We omit the nuclear contribution which is very small
and only important for large scattering angles. The cross section presents a wiggling
at large scattering angles, characteristic of diffraction patterns in inelastic scattering.
It is instructive to compare this result with a semiclassical calculations, based on
Rutherford orbits for the trajectory of the nuclei and time-dependent perturbation
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theory [44]. In this case, the excitation cross section is given by
dσ
dΩ
(Ex) =
16
9h¯c
π3 B(E1, Ex)
dnE1
dΩ
, (52)
where the equivalent photon numbers dnE1/dΩ are given analytically by
dnE1
dΩa
=
Z2Aα
4π2
(
c
v
)2 ǫ4 ζ2 e−piζ
{
1
γ2
ǫ2 − 1
ǫ2
[Kiζ(ǫζ)]
2 + [K ′iζ(ǫζ)]
2
}
(53)
where ǫ = 1/ sin(θ/2), α = 1/137, ζ = Exa0/γh¯v, with a0 = ZaZAe
2/2ELab.
Using the above expression for dnE1/dΩa we obtain the dashed curve in figure
12 for the same reaction One observes that the quantum result does not deviate
from the semiclassical result appreciably. The good agreement especially at lower
angles is quite satisfactory. This shows that strong absorption is not relevant for the
scattering at low angles. The peak at small angles is a consequence of the adiabaticity
condition. For ζ ≫ 1 (θa ≪ 0.2◦) the Coulomb field is too weak to provide the
necessary excitation energy. For ζ ≪ 1 (θa ≫ 0.2◦) the Coulomb field is too strong
and privileges the excitation of the projectile to higher energy states. Therefore, the
cross section at a fixed relative energy of the fragments in the final channel has a peak
at the optimal scattering angle corresponding to that energy. For the case above this
angle is about 0.2◦.
7 Conclusions
We have studied the applicability of simple concepts from scattering theory for inter-
mediate energy collisions as a tool to study the ground state densities and the tran-
sition probabilities in reactions with radioactive nuclei. The eikonal approximation
together with the “tρρ” approximation yields the simple and transparent formulas.
This model gives very reasonable results for elastic scattering cross sections at forward
angles which can be used to test the ground state densities of radioactive nuclei. The
extended nuclear matter in exotic nuclei is manifest in the magnitude of the elastic
cross sections as well as in the position of the first minimum.
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The transition densities from the ground state to continuum states have the char-
acteristic of an extended tail at large distances from the nuclear center. As discussed
in ref. [11] the folding model for the inelastic scattering cross sections are more appro-
priate for the study of reactions with exotic nuclei. In this article we have presented
a few more cases, complimentary to those studied in ref. [11]. Comparisons with
the experimental data in figs. (9-12) shows that the formalism presented here is well
suited to the study of inelastic excitation of radioactive beams. The cross section
for some cases predicted here are large and are well under the experimental possibil-
ities. Of special interest would be a possible identification of soft multipole modes in
such experiments. This could be accomplished by looking at the angular pattern of
inelastic scattering since different multipolarities yield quite different patterns.
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Figure Captions
Fig. 1 Elastic scattering cross section of 17O+208 Pb at 84 MeV/nucl. The data
points are from ref. [30]. The solid curve is a calculation with the “tρρ” approxima-
tion.
Fig. 2 Elastic scattering cross section of α+α at Elab = 2.57 GeV as a function
of the invariant momentum transfer t = −(p1 + p2)2. The data points are from ref.
[31]. The solid curve is a calculation with the “tρρ” approximation.
Fig. 3 Elastic scattering cross section of 12C +12 C at Elab = 85 MeV/nucl. The
solid curve uses the eikonal approximation and the WS optical potential parameters
given by eq. (26). The dashed curve uses the “tρρ” approximation. The data are
taken from ref. [34].
Fig. 4 (a) p+9 Li elastic scattering at Ep = 60 MeV. Data are from ref. [4]. (b)
p+11 Li elastic scattering at Ep = 62 MeV. Data are from ref. [4].
The solid curves are obtained by using the optical potential as in eqs. (1-3) with
the same set of parameters used in ref. [4]. The dashed curves use “tρρ” potentials
constructed as in eqs. (17-19).
Fig. 5 Elastic scattering cross section for p +8 He at 72 MeV/nucl. The solid
curve is a calculation using eqs. (17-19), while the dashed curve is for the system
p+6 He at the same bombarding energy. The data are from ref. [5].
Fig. 6 Quasi-elastic scattering of 11Li+12 C at Elab = 637 MeV. Data are from
ref. [6]. The inelastic contribution to the cross section was added to the elastic cross
section (solid figure). Pure elastic cross section is given by the dashed curve. The
deformation parameters β2 = 0.59 and β3 = 0.40 for the 2
+ and 3− states in 12C were
used.
Fig. 7 Quasi-elastic scattering of 12Be+12 C at Elab = 796 MeV. Data are from
ref. [7]. The inelastic contribution to the cross section was added to the elastic cross
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section (solid figure). Pure elastic cross section is given by the dashed curve. The
deformation parameters β2 = 0.59 and β3 = 0.40 for the 2
+ and 3− states in 12C were
used.
Fig. 8 Quasi-elastic scattering of 14Be+12C at Elab = 679 MeV. Data are from
ref. [7]. The inelastic contribution to the cross section was added to the elastic cross
section (solid figure). Pure elastic cross section is given by the dashed curve. The
deformation parameters β2 = 0.59 and β3 = 0.40 for the 2
+ and 3− states in 12C were
used.
Fig. 9 Excitation cross section of the giant quadrupole resonance in 208Pb in
the reaction 17O +208 Pb at 84 MeV/nucleon. Data are from ref. [30]. The optical
potential was calculated by the “tρρ” approximation. The deformed potential model
is used to calculate the nuclear excitation cross section which is drawn by a dotted
curve. The dashed curve is the Coulomb excitation cross section. The total cross
section due to Coulomb and to nuclear excitations is shown by the solid curve.
Fig. 10 Angular dependence of the inelastic cross section for the excitation of
the Roper resonance in proton with the reaction α+ p at Eα = 4.2 GeV. Data points
are from ref. [40]. The solid curve is calculated by using the deformed potential
model.
Fig. 11 Excitation cross section of the 2+-state (Ex = 3.57 MeV) in
8He by
protons with 72 MeV. Data points are from ref. [5]. The solid curve is obtained
by using the “tρρ” potential for p +8 He and the deformed potential model for the
excitation, with β2 = 0.32.
Fig. 12 Coulomb excitation cross section of the 1/2− state at 320 keV in 11Be
incident at 45 MeV/nucl. on a lead target. The solid curve uses the eqs. (47-49),
with the eikonal phase calculated with the “tρρ approximation. The dashed curve is
a semiclassical calculation using eqs. (52-53).
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Table 1. Single-neutron and two-neutron separation energies of neutron-rich nuclei.
Data are taken from ref. [28].
A Jpi Sn(MeV) S2n(MeV)
6He 0+ 1.86 0.97
8He 0+ 2.58± 0.01 2.14± 0.05
9Li 3
2
−
4.06 6.10
11Li 3
2
−
0.73± 0.05 0.31± 0.05
11Be 1
2
+
0.51 7.32
12Be 0+ 3.17 3.67
14Be 0+ 3.35± 0.11 1.34± 0.11
Table 2. Calculated mass radii and observed interaction radii of halo nuclei. Radii of
some halo orbits are also tabulated in the table. The core radii are obtained by the
H-F calculations, while the values for the halo configurations are calculated by using
the renormalized potential (3). Data are taken from refs. [2, 3].
A jlast
√
〈r2〉cal (fm)
√
〈r2〉exp (fm)
6He 2.66 2.48± 0.03
8He 2.59 2.49±0.03
9Li 2.45 2.41± 0.02
11Li 1p1/2 5.36
3.08 3.20± 0.03
11Be 2s1/2 6.29
3.01 2.86± 0.04
12Be 2s1/2 3.46
2.68 2.82± 0.04
14Be 2s1/2 5.28
3.16 3.33± 0.17
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Table 3. Parameters of the ground states densities of stable nuclei which are given
by either gaussian (G) or modified fermi (MF) distributions. Data are taken from
[29].
Nucleus Model R a c
α Gaussian 1.37 – –
11C MF 2.34 0.5224 -0.149
12C MF 2.34 0.5224 -0.149
16O MF 2.61 0.513 -0.051
17O MF 2.61 0.513 -0.051
208Pb MF 6.62 0.549 0
Table 4. Parameters [17] for the nucleon-nucleon amplitude, fNN(q) = (kNN/4π) σNN (i+
αNN) e
−ξNN q
2
.
E [MeV/nucl] σNN [fm
2] αNN ξNN [fm
2]
30 19.6 0.87
38 14.6 0.89
40 13.5 0.9
49 10.4 0.94
85 6.1 1
94 5.5 1.07 0.51
120 4.5 0.7 0.58
200 3.2 0.6 0.62
342.5 2.84 0.26 0.31
425 3.2 0.36 0.24
550 3.62 0.04 0.062
650 4.0 -0.095 0.08
800 4.26 -0.075 0.105
1000 4.32 -0.275 0.105
2200 4.33 -0.33 0.13
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